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On the topology of constant mean curvature surfaces in H2×R
with boundary in a plane
Vlad Moraru and Barbara Nelli
Abstract
We show that surfaces with constant mean curvature closed to 1
2
in H2 ×R and having boundary
with curvature greater than one, contained in a horizontal section P of H2 × R are topological
disks, provided they are contained in one of the two halfspaces determined by P. This is the
analogue in H2 × R of a result in R3 by A. Ros and H. Rosenberg [13, Theorem 2].
1 Introduction
A classical theorem by A. D. Alexandrov states that a closed, embedded surface with constant mean
curvature in R3 is a round sphere [7] (see also [9] for a survey on this the subject). Surprisingly,
the boundary version of this theorem remains an open question: if Γ is a circle contained in a plane
P ⊂ R3, and M is an embedded constant mean curvature surface with boundary ∂M = Γ, is then M
isometric to a spherical cap? The more general partial result to the previuos question is contained in
[4] where F. Brito, W. Meeks, H. Rosenberg and R. Sa Earp, proved that an embedded constant mean
curvature surface with boundary a circle is a spherical cup, provided it is transverse to P along the
boundary Γ. In fact the authors are able to prove that the transversality condition forces the surface
to stay in one of the two halfspaces determined by P. Then one can use Alexandorv reflection method
to get the result.
However, in light of Alexandrov’s theorem, it is reasonable to expect that, if the mean curvature of
M is small when compared with the curvature of it’s boundary Γ, then M is a topological disk.
Indeed, A. Ros and H. Rosenberg [13] showed that if Γ is convex and contained in the plane P , the
mean curvature H of an embedded CMC surface M is small when compared with the curvature of Γ
and if M is contained in the halfspaace bounded by P , then M is a topological disk. Their result was
extended in the hyperbolic 3-space H3 by B. Semmler [15], and in Rn by B. Nelli and B. Semmler [11]
for all symmetric functions of the principal curvatures.
In this paper we extend the Ros-Rosenberg result to constant mean curvature surfaces in H2 × R.
Namely, we prove the following theorem.
Theorem 1.1. Let Ω be a connected domain in a horizontal section P of H2 × R, whose boundary
Γ = ∂Ω has curvature greater than one. There is a constant C(Γ), depending only on the curvature
of Γ, such that the following holds. Assume that M is an embedded hypersurface with boundary Γ and
constant mean curvature satisfying 12 < H < C(Γ) and it is contained in one of the two half-spaces
determined by P. Then M0 = M ∩ (Ω × R) is graphical over Ω and M\M0 is graphical over Ω × R.
In particular, M is a topological disk.
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The proof of A. Ros and H. Rosenberg relies on a crucial rescaling theorem (see [13, Theorem 1]).
In trying to adapt the proof to H2 × R, however, one is faced with the obstacle that rescalings are
isometries in H2. This obstacle was overcome by B. Semmler in [15], where she uses constant mean
curvature horizontal half-cylinders as barriers to give a different proof of [13, Theorem 2].
In spite of the fact that constant mean curvature horizontal cylinders do exist in H2 × R [8], we
prefer to use what we consider to be a more natural barrier in this setting. Namely, we will use a
complete rotational symmetric surface, having one end and constant mean curvature H = 12 . There
is no analogue of this surface in R3. Therefore, using this barrier, we obtain, as a byproduct of our
proof, a result that is no longer true in R3: the maximal height of M ⊂ H2 × R above the boundary
plane is bounded below by a constant depending only on Γ (see Claim 1 in the proof of Theorem 1.1).
Finally, we emphasize that the assumption H > 12 in Theorem 1.1 is optimal, as illustrated by the
following theorem holds.
Theorem 1.2. Let Ω be a connected domain in a horizontal section P of H2 × R, such that the
principal curvatures of Γ = ∂Ω are larger or equal to one. If M is an embedded constant mean
curvature hypersurface with boundary Γ and mean curvature H ≤ n−1
n
, then M is a graph on Ω. In
particular M is a topological disk.
Theorem 1.2 was proved by B. Nelli, R. Sa Earp, W. Santos and E. Toubiana in in [10, Theorem 2.2].
2 Comparison surfaces and technical tools
Let (x1, x2, t) the usual coordinates in H2 × R, where H2 is the disk model of the hyperbolic plane.
By ρ, we denote the hyperbolic distance from the origin in H2.
2.1 Constant mean curvature rotational surfaces
We describe the rotationally invariant surfaces, with constant mean curvature H that we will use as
barriers. For a complete reference about surfaces invariant by rotations and having constant mean
curvature in H2 × R, see for example [14, 10].
For any fixed H > 0, and for d varying in R, we consider the one-parameter family of curves defined
by (ρ, 0, λH,d(ρ)), where
(1) λH,d(ρ) =
∫ ρ
ρ0(H,d)
d+ 2H cosh s√
sinh2 s− (d+ 2H cosh s)2
ds.
The one-parameter family of surfaces obtained by rotating the curve (ρ, 0, λH,d(ρ)) around the t-axis
have constant mean curvature H (see [10, Equation (9)]).
2.1.1 Complete graphs with H = 12
When H = 12 and d = −1, then λ 12 ,−1(ρ) in (1) is defined on [0,∞) and is horizontal at ρ = 0.
Moreover the integral in (1) can be solved explicitely and one obtains
λ 1
2
,−1(ρ) = 2
√
2(cosh
ρ
2
− 1).
In this case the surface obtained by rotating the graph of λ 1
2
,−1 around the t-axis is a complete graph,
contained in the half-space t ≥ 0, tangent to the plane H2 × {0} at the origin. The intersections with
horizontal planes H2 × {t} are circles of radius ρt having the property that ρ0 = 0 and ρt → ∞, as
t→∞.
For later use, we denote by C the reflection with respect to the plane {t = 0} of the surface we just
described.
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2.1.2 Embedded annuli with H = 12 .
WhenH = 12 and d > −1, then sinh2 s−(d+2H cosh s)2 > 0 for s > ρ0(12 , d) = arcosh{(1+d2)/(−2d)}.
Hence λ 1
2
,d is defined on [arcosh{(1 + d2)/(−2d)},∞) and it is vertical at arcosh{(1 + d2)/(−2d)}.
Moreover λ 1
2
,d grows exponentially as ρ −→ ∞. The surface obtained by rotating the graph of λ 1
2
,d
around the t-axis, is a graph, say Hd, defined outside a disk of H2×{0} of radius ρ0(12 , d). Denote by
Cd the circle on H2 × {0} of radius ρ0(12 , d). As ρ0(12 ,−1) = 0 and ρ0(12 , d) > 0, for any d 6= −1, we
can choose d > −1 such that radius of the circle Cd is arbitrary close to zero. Notice that, the union
of Hd with its reflection across the hyperplane H2 × {0}, is a complete surface homeomorphic to a
cylinder.
2.1.3 Compact surfaces with H > 12 .
If H > 12 and d = −2H then, via a suitable change of variables [12], λH,−2H can be integrated to
obtain
λH,−2H(ρ) =
4H√
4H2 − 1 arcsin
1
2H
− 4H√
4H2 − 1 arctan
√
1− 4H2 tanh2 ρ2
4H2 − 1 ,(2)
ρ ∈
[
0, cosh−1
(
4H2 + 1
4H2 − 1
)]
Then, λH,−2H is increasing, has horizontal tangent plane at ρ = 0 and vertical tangent plane at
ρ = cosh−1
(
4H2+1
4H2−1
)
. In this case the surface obtained by rotating the graph of λH,−2H around the t-
axis is a graph over a disk of radius cosh−1
(
4H2+1
4H2−1
)
and has maximal height hm :=
4H√
4H2−1 arcsin
1
2H ,
attained at the boundary points.
We denote by SH the surface obtained by reflecting the above surface with respect to the plane
H2×{hm} and traslating it down of an height hm. Consider the intersection of SH with the horizontal
plane H2 × {t}, and denote by ρt its radius. A direct calculation shows that ρt satisfies the following
equation
(3) tanh2
ρt
2
=
1
4H2
[
1− (4H2 − 1) tan2
(
t
√
4H2 − 1
4H
)]
.
hence, for any fixed t, ρt −→∞ when H −→ 12 .
Notice that the union of SH with its reflection across the hyperplane H2 × {0}, is a compact surface
homeomorphic to a sphere.
2.2 The maximum principle
Let us recall the Maximum Principle, in the form that we will use in the proof of our main result.
Definition 2.1. Let M1 and M2 be two oriented surfaces in H2 × R. A point p ∈ M1 ∩M2 is an
interior tangent point if TpM1 ≡ TpM2 and the normal vectors coincide. A point p ∈ ∂M1 ∩ ∂M2
is a boundary tangent point if TpM1 ≡ TpM2, the normal vectors coincide and the interior conormal
vectors of ∂M1 and ∂M2 coincide at p
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Lemma 2.2 (Maximum Principle). Let M1 and M2 be two oriented hypersurfaces in Hn × R with
mean curvature H1 and H2, respectively. Assume that p is either an interior or a boundary tangency
point. Let U1 and U2 neighborhoods of p in M1 and M2, respectively, such that both U1 and U2 are
locally the graphs of some functions u1 and u2, over the common tangent plane at p. If u1 ≥ u2 and
H1(p) ≤ H2(p), then u1 = u2 in a neighborhood of p. In particular, H1 = H2 in such a neighborhood.
See [6, Theorem 1.1, 1.2].
2.3 A technical Lemma
Finally, we need the following lemma, which is the analogue in H2 × R of [13, Lemma 2.1].
Lemma 2.3. Let Ω be a connected domain in a horizontal section P = H2 × {0}, whose boundary
Γ = ∂Ω has curvature greater than one. There is a ρ0 > 0, depending only on the extreme values of the
curvatures of Γ, such that, whenever M is a CMC surface with mean curvature H > 12 and boundary
∂M = Γ, there is a point q ∈ int(Ω) such that the disk D(q, ρ0) ⊂ int(Ω), and M ∩ (D(q, ρ0)× (0,∞))
is a graph over D(q, ρ0).
The proof of Lemma 2.3 is an application of Alexandrov reflection technique with both horizontal and
vertical planes, analogous to the one in [13].
3 The Proof.
Let Ω be a connected domain in H2×R with boundary Γ contained in a horizontal plane P , and letM
be a surface with boundary Γ and constant mean curvature H > 12 . Let W be the domain in H
2 ×R
bounded by M and Ω. Without loss of generality we can assume that P = H2 × {0}, and that the
origin (0, 0, 0) is contained in the interior of Ω. We will denote by D(ρ) the disk in H2×{t}, centered
at (0, 0, t) and having hyperbolic radius ρ. Let D(ρi) be the largest such disk contained in Ω, and let
D(ρe) be the smallest such disk containing Ω. Hence D(ρi) ⊆ Ω ⊆ D(ρe).
Proof of Theorem 1.1. The strategy is to prove that M is the union of components, each graphical
above some domain. At the end of the proof it will be clear that this determines the fact that M is
topologically a disk.
For any t ∈ R, H(t) := H2 × {t} is a totally geodesic plane in H2 × R. We will apply Alexandrov
reflection technique with the planes {H(t)}. For t > 0 sufficiently large, H(t) ∩M = ∅. Decreasing
t ≥ 0, we will find a first contact point between H(t) and M . By construction, this happens for t = h,
the height of M , that is the maximal distance between P and points of M . Decreasing t ≥ 0 below
t = h and denoting by M(t) the part of M above H(t), we have that for all t ≥ 0 sufficiently close to
t = h, the surface M(t) is graphical over H(t).
Let M∗(t) be the reflection of M(t) with respect to the H(t) plane. Decreasing t ∈ [0, h], one of the
following can occur.
1. M(t) is no longer graphical over H(t),
2. M∗(t) * int(W ).
Notice that eitherM is graphical over P = H(0), in which case neither (i) nor (ii) occurs, and therefore
we can decrease t ≥ 0 all the way down to t = 0, or M is not graphical, in which case we can decrease
t ≥ 0 until t = h/2, when (i) and/or (ii) occurs. If M is a graph over P , then M is topologically a
disk, and Theorem 1.1 holds. Therefore, in what follows, we will assume that M is not graphical.
The height estimates [2, Theorem 2.1] guarantee that the height of M , h ≤ 8H√
4H2−1 arcsin
1
2H . We
will show that the height of M is also bounded from below, by a constant depending only on H and
Γ.
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Claim 1. There is a constant hΓ > 0, depending only on H and the curvature of Γ such that hΓ < h.
Proof of the Claim. First notice that the mean curvature vector of M points towards W. Indeed, let
p ∈ int(M) be a highest point ofM , and consider the horizontal plane H2×{h}. As the plane H2×{h},
has mean curvature H = 0, by Lemma 2.2, the mean curvature vector of M at p must point towards
W . The mean curvature of M is constant, therefore we conclude that the mean curvature vector of
M points towards W at every point of M .
Let C be the complete surface described in section 2.1.1 with mean curvature H = 12 . The surfaceC is rotational symmetric, hence, intersections of C with horizontal planes are circles. Let CΓ be the
compact part of C having as boundary the circle of radius ρi and let hΓ be the height of CΓ.
Also, by construction, CΓ is in the half-space {t ≤ 0}, hence it does not intersect W . In particular it
is disjoint from M ∪ ∂M . By abuse of notation we call CΓ any vertical translation of it. We translate
CΓ upwards, entering in W . If there is a first interior tangency point between M and CΓ, we get a
contradiction by Lemma 2.2, since the mean curvature of CΓ is strictly less than that of M . Hence,
we can continue translating CΓ, without touching M , until the boundary of CΓ coincides with ∂D(ρi).
This proves the claim.
Let lΓ > 0 be a constant such that lΓ <<
hΓ
2 <
h
2 , and let M
′ :=M ∩ {t ≥ h− lΓ}. By construction,
the height of M ′ is lΓ.
Let SH be the compact rotational surface from section 2.1.3, and denote by SH,Γ the upper part of
SH of height lΓ. Denote by ρH,Γ the radius of the boundary of SH,Γ. Recall from section 2.1.3 that
limH−→ 1
2
ρH,Γ =∞.
Claim 2. ∂M ′ =M ′ ∩{t = h− lΓ} bounds a domain containing a disk of radius ρH,Γ−C(ρe), where
C(ρe)) is a constant depending only on the radius of the smallest disk containing Γ.
Proof of the Claim. We first show that there is a point p ∈ ∂M ′, such that the distance from p to the
t-axis is at least ρH,Γ. Assume there is no such point and consider SH,Γ translated sufficiently high
aboveM , such that SH,Γ∩M = ∅. As we translate SH,Γ downwards, there will be a first contact point
between SH,Γ and M ′. By assumption this point can not be a boundary point and, hence, it must
be an interior point. In this case, however, Lemma 2.2 implies that the height of M ′ is strictly less
than lΓ, which is a contradiction. We therefore conclude that there is at least one point p ∈ ∂M ′ at
distance at least ρH,Γ from the t-axis. We will use this point p to construct the desired disk of radius
at least ρH,Γ − C(ρe). Let p ∈ ∂M ′ be a point at maximal distance d from the t-axis. Denote by O
the point (0, 0, h− lΓ) ∈ H2 ×R. Let βp be the unique complete geodesic of H(h− lΓ) containing the
points O and p and let γ be the complete geodesic in H(h− lΓ), through the origin O orthogonal to
βp.
For s ∈ [0,∞), let γs be a one parameter family of complete geodesics in H(h− lΓ) such that γ0 = γ
and γs is orthogonal to βp for all s ∈ [0,∞). Let Vp(s) := γs × R. By construction, {Vp(s)}s≥0 is a
one-parameter family of totally geodesic planes in H2 × R, such that Vp(s) ⊥ βp, for all s ∈ [0,∞).
We will perform Alexandrov reflection with the planes {Vp(s)}s≥0.
For large s > 0, Vp(s) ∩M = ∅. Decreasing s, there will be an s0 > 0 where the Vp(s0) ∩M ′ = {p}.
Decreasing s further and calling M ′(s) the part of M ′ left behind by Vp(s), the surface M ′(s) will be
graphical over Vp(s), for all s sufficiently close to s0. Here, by graph, we mean that any horizontal
geodesic orthogonal to Vp(s) meets M
′(s) at most in one point. Let M ′∗(s) be the reflection of M ′(s)
with respect to the plane Vp(s). Let W
′ be the domain in H2 ×R bounded by M ′ and the domain in
plane H(h − lΓ) bounded by ∂M ′. Notice that, for small s < s0, the surface M ′∗(s) is contained in
int(W ′). Decreasing s below s0, one of the two happens.
1. The surfaces M ′(s) is no longer graphical over Vp(s).
2. int(M ′∗(s)) *W ′,
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By the maximum principle, neither (i) nor (ii) will occur before Vp(s) touches the boundary Γ. There-
fore, we can decrease s until s = ρe, the radius of the smallest disk containing Ω.
Now, denote by I(p) the set of reflected images of p, as s goes from∞ to ρe. The set I(p) is contained
in the horizontal plane H(h− lΓ) and I(p)\∂I(p) is in int(W ′).
We repeat this process with families of vertical planes {Vx(s)}s≥0, which are orthogonal to half-lines
containing O and x, where x ∈ ∂D(ρe) is such that, for certain s ≥ 0, the planes Vx(s) leave the
point p behind. Hence, for all such x ∈ ∂D(ρe) we obtain an open segment I(x) with is contained in
int(W ′).
Therefore the reunion ∪xI(x) contains a disk of radius ρH,Γ − C(ρe), where C(ρe) is a constant
depending only on the radius of the smallest disk containing Γ. This completes the proof of Claim 2.
Notice that doing Alexandrov reflection with vertical planes as in the proof of Claim 2, one proves
that M ∩ (H2 × R \ Ω × R) is graphical over Γ × R, where by graph we mean that any horizontal
geodesic starting from the origin, meets M ∩ (H2 × R \ Ω× R) at most in one point.
Next, we will do Alexandrov reflection technique with horizontal planes. For this, let KΓ a finite
constant to be fixed later. Since limH−→ 1
2
ρH,Γ = ∞ and C(ρe) is finite, we can choose the mean
curvature H ofM to be close enough to 12 , such that KΓ satisfies ρH,Γ−C(ρe) > KΓ. Also, let D(KΓ)
be the disk in the plane H(h− lΓ), whose center is on the t-axis and its radius is the constant KΓ.
By the proof of Claim 2, D(KΓ) ⊂ int(W ), and by our choice of lΓ, the plane H(h− lΓ) is above the
plane H(h/2). Since M(t) is graphical over H(t), the reflection D∗(KΓ) of D(KΓ) with respect to
H(t), will be contained in int(W ), for all t ∈ [h/2− lΓ, h]. Therefore, M ∩ {D(KΓ)× [lΓ, h− lΓ]} = ∅.
Notice that M ∩ {t ≥ lΓ} is graphical over H(h− lΓ). Also, by Claim 2, the part of M contained in
the slab {lΓ ≤ t ≤ h − lΓ} is graphical over the cylinder Ω × {0 ≤ t ≤ ∞}. Hence the part of M
contained in the half-space {t ≥ lΓ} is topologically a disk. It remains to show that the part of M
contained in the slab {0 ≤ t ≤ lΓ} is also topologicaaly a disk. This is a consequence of the fact that it
is graphical over the cylinder Γ×{0 ≤ t ≤ lΓ)}. To see this, let Hd be the annulus from section 2.1.2.
Due to the properties of Hd, we can choose d > −1 so that ρd < ρ0, where ρ0 is given by Lemma 2.3.
Denote by Σ the part of Hd contained in the slab {0 ≤ t ≤ lΓ}. By construction, the surface Σ has
two boundary components, denoted C0 and C1, both of them circles with C0 ⊂ P and C1 ⊂ H(lΓ).
Lemma 2.3 and our choice of ρd guarantee that, by translating C0 in Ω, we can touch every point of
Γ while C0 remains in Ω. Also, by decreasing H >
1
2 if necessary, we can enlarge KΓ such that, when
translating C0 inside Ω, the circle C1 remains inside the disk D(KΓ) ⊂ H(lΓ). Notice also that Hd is
a vertical graph over the exterior of C0. We want to show that the part of M contained in the slab
{0 ≤ t ≤ lΓ} is outside Ω× R. Indeed, if int(M) ∩ (Ω× [0, lΓ]) 6= ∅, then, by translating C0 inside Ω,
the surfaces Σ and M will meet at some interior point. This contradicts Lemma 2.2, since the mean
curvature of M is strictly larger than that of Σ. We therefore conclude that the part of M contained
in the slab {0 ≤ t ≤ lΓ} is graphical over Ω× [0,∞). This completes the proof of Theorem 1.1.
4 Final Comments
We finish the article by discussing some open questions.
1. It is natural to ask if Theorem 1.1 is still true in Hn × R, for all n ≥ 3. In fact, using the
hypersurfaces invariant by rotation in Hn × R, described in P. Berard and R. Sa Earp [3], all
but one of the steps of the proof of Theorem 1.1 can be perfomed in Hn ×R. The only missing
property is the height estimate for hypersurfaces with constant mean curvature close to n−1
n
.
Such estimates only exist for H >
√
n−1
n
[1].
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2. Another natural question is to what extent the higher dimensional version of Theorem 1.1 also
hold when we assume not constant mean curvature, but that one of the symmetric functions of
the principal curvatures is equal to a constant. In this setting many more technical problems
arise. However, we believe that the main problem in proving such a result is, as in the previous
point, the lack of a height estimate in Hn × R.
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